ABSTRACT. In this paper we generalize the results of [7] to rank one Drinfeld modules with class number one. We show that, in the present form, there does not exist a cogalois theory for Drinfeld modules of rank or class number larger than one. We also consider the torsion of the Carlitz module for the extension Fq(T )(Λ P n )/Fq(T )(Λ P ).
INTRODUCTION
The main goal of this paper is to obtain the analogue of the classic cogalois group. The cogalois group of an arbitrary field extension L/K is defined as the torsion group tor(L * /K * ) (see [3] ). The analogue for Drinfeld modules we are interested in is obtained by replacing the multiplicative structure of the field by the one given by the Drinfeld module structure. We see that when ρ is a rank one A-Drinfeld module where A is of class number one, the results of [7] can be obtained also in this case. However, we will see that there is no cogalois theory for arbitrary A-Drinfeld modules of rank one.
PRELIMINARIES AND NOTATIONS
We consider function fields K/F q where we fix a prime divisor denoted by p ∞ . A denotes the Dedekind ring consisting of the elements u ∈ K such that the only possible pole of u is p ∞ .
We will use the following notation along the paper. ➽ k = F q (T ) denotes the rational function field over a finite field of q elements F q . ➽ R T = F q [T ] denotes the polynomial ring over T and such that k is the quotient field of R T . ➽ K is a global function field over F q . ➽ C denotes the Carlitz module. ➽ Λ M = {u ∈k | C M (u) = u M = 0} with M ∈ R T . ➽ p ∞ is a fixed place of K called the infinite prime of K. ➽ µ ρ (L) = µ(L) = {u ∈ L | ρ a (u) = 0 for a ∈ A \ {0}} denotes the torsion of a Drinfeld module of an extension L of K. For the particular case h A = 1, necessarily we have d ∞ = deg p ∞ = 1 and h K = 1. Therefore there exist only 5 such fields and rings A according to the classification of function fields with class number one. In this situation, we may and we will assume that K ρ = K. We also ask whether the structural map of the Drinfeld module ρ, δ : A → E, is the natural embedding. The Drinfeld modules under consideration will be of rank one, unless otherwise specified. So, we have deg(ρ a ) = −d ∞ v p∞ (a) = deg a.
We have that |A/(a)| = q deg a is finite, and deg a = dim Fq A/(a). If necessary, we will assume for a rank one Drinfeld module ρ that K ρ = H A is the Hilbert class field (see [4, §15] [4, Theorem 14.7] , [10, Theorem 13.5.30]).
If ρ : A → C ∞ τ is a rank one A-Drinfeld module, then ρ = ρ Γ where Γ = Aπ is a lattice withπ ∈ C ∞ \ {0} and the exponential function associated to ρ is given by ex Γ (x) = x γ∈Γ\{0} 1 − x γ . Thus ex Γ (γ) = 0 if and only if γ ∈ Γ. We define λ a := ex Γ π a for a ∈ A \ {0}. From the functional equation ex Γ (au) = ρ a (ex Γ (u)) we obtain that ρ a (λ a ) = 0. Further ρ m (λ mn ) = λ n for n, m ∈ A. Remark 2.1. We have that λ a is a generator of the A-module ρ[a].
GENERAL RESULTS ON DRINFELD MODULES
The following results will be used along the paper. Proof. [1, 2, 6, 9] . Remark 3.5. The first proof of Theorem 3.4 was given by Denis in [1, Théorème 1], where he proves that the number of elements with height bounded by a fixed real number D, is finite and that the torsion elements are precisely the elements of height 0. To show only that the torsion is finite, the proof can be reduced to the case A = R T ([6, Proposition 1], [2, Remark 2.8]) as follows: if ρ : A → E τ is an A-Drinfeld module over E, we choose T ∈ K such that the pole divisor of T is p n ∞ for some n ≥ 1. Then A is the integral closure of R T in K and
then ρ a (x) = 0 with a ∈ A \ {0}. Consider α 0 , . . . , α n−1 ∈ R T , α 0 = 0 and α 0 + α 1 a + · · · + α n−1 a n−1 + a n = 0, so ρ α0 (x) = 0 and thus x ∈ µ ρ ′ (L). Once we have reduced to the case R T , the proof of the finiteness of µ ρ (L) can be obtained over a finite extension L of K p , where K p is the completion of K at p = p ∞ proving that if x ∈ µ ρ (L), then v p (x) ≥ c for some c and therefore µ ρ (L) is a compact discrete set, hence finite ([6, Proposition 1]).
In the particular case of rank one over R T and A with h A = 1, we have µ ρ (L) = ρ[a] for some a ∈ A \ {0}. In particular, µ C (L) = Λ M for some M ∈ R T \ {0} in the Carlitz module case. This is a very particular case of the general case of Drinfeld modules of rank one. 
Proof. Let x ∈ µ ρ (L) and choose a ∈ A, a = 0 such that ρ a (x) = 0. Consider the annihilator of x: an(x) := {b ∈ A | ρ b (x) = 0} = a. Then a is a nonzero ideal of A. 
Since µ ρ (L) is finite, we write µ ρ (L) = {x 1 , . . . , x m } and let a i := an(
Otherwise, we would have a nonzero prime ideal 
Proof. It suffices to show that 
RADICAL EXTENSIONS
Let K/F q be a function field and let p ∞ be a fixed prime divisor. Let us consider δ : A → E the natural embedding and ρ : A → E τ a rank one Drinfeld module. As before, we consider function field extensions
Since this type of extensions are E-algebras, we may give them an A-module structure using the map ρ. The first objet to consider, associated to the extension L/K, is the following:
We will say that L/K is pure if for any irreducible m ∈ A and for each λ m ∈ L, we have λ m ∈ K. Finally we will say that L/K is a cyclotomic coradical extension if it is radical, separable and pure.
4.1.
Reduction to the case R T . In this subsetion we show how we may reduce the general case to the case A = R T . Let A and K be arbitrary. Let T ∈ A be such that N T = p n ∞ , for some n ≥ 1.
A → E τ be a A-Drinfeld module of rank r ρ . Let ι : R T → A be the natural embedding and let ρ ′ :
, where P ∞ is the pole of T . Further, we have d P∞ = 1 and
It follows that
Proposition 4.3. Let L/E be a finite extension. Then with the conditions of Proposition
This finishes the proof. Now we return to the general case. In the following examples, we consider the field F q with q > 2. 
It is also a separable extension but it is not pure since from Proposition 3.7, we have that
is cyclotomic coradical since it is clear that is radical and separable because the polynomial with coefficients in k, ρ c n (U ), is separable. On the other hand, let d ∈ A be an irreducible polynomial in such a way that
. From Proposition 3.7, we have that d | c n and thus d | c. It follows that the extension is pure.
The same argument may be applied for arbitrary A, ρ of rank one, c a nonzero ideal of A and the extension
Let us assume that L/K is a radical extension. Therefore there exist α i ∈ L and a i ∈ A such that ρ ai (α i ) = β i ∈ K and L = K({α i }). Now we take α i arbitrary. We denote such element only by α. We define
This map is well defined and I = ker(ϕ α ) is an nonzero ideal of A distinct from A itself. Hence, in case h A = 1, there exists a ∈ A such that I = (a). We say that α is of order a. This definition is ambiguous since other generator of I might be used as the order. However we will accept this ambiguity. Proof. We first consider the case L/K is a Galois extension. Let α = α i be of order
Theorem 4.6. Let h
Let ξ i = ρ bi (λ a ) for some b i ∈ A and let B be the A-module generated by
Conversely, let a be the order of α. Every conjugate of α is of the form α + ρ b (λ a ) ∈ L. Thus L/K is a normal extension. Since α is separable over K, it follows that the extension L/K is a Galois extension. 
Proof. We have
Let s 1 , s 2 ∈ A be such that 1 = ms 1 + ns 2 . Then
We observe that the result can be generalized to extensions L/E such that L = E(α 1 , . . . , α s ) and such that there exist m i ∈ A with ρ mi (α i ) = β i ∈ E and the elements m i are pairwise relatively prime.
Next we will give some definitions which are analogous to the ones given in [8] . Here, we consider A of class number one and E = K. As before, let ρ denote a Drinfeld module. Let a ∈ A \ {0}, K be any finite extension of k(ρ[a]) and z ∈ K \ K a , where K a = {ρ a (y) | y ∈ K}. Consider the polynomial G(U ) = ρ a (U ) − z. The decomposition field of G(U ) will be called a DrinfeldKummer extension. Multiplying a by a suitable constant, we may assume that G(U ) is a monic polynomial. This type of extensions will be denoted by K a,z . On the other hand, note that in general the polynomial G(U ) is not irreducible over K. Let G 1 (U ), . . . , G s (U ) be the irreducible monic factors of G(U ).
Next proposition establishes some properties of these extensions.
Proposition 4.8. Let K be a finite extension of k (ρ[a] ). Let z ∈ K \ K a and let K a,z be the associated Drinfeld-Kummer extension. Then
Proof.
(1) By the conditions satisfied by ρ, it is clear that G(U ) is separable and of the claimed degree.
(2) Since ρ is a linear map it follows that W is the set of all roots of G(U ).
given by Θ(σ) = λ σ . We have that Θ is well defined and since σ(τ (α)) = σ(α + λ τ ) = α+λ σ +λ τ , it follows that Θ is a group homomorphism. Finally, if Θ(σ) = 0, then λ σ = 0, that is, it follows from the definition of Θ, that the automorphism σ is the identity map. Therefore Θ is a group monomorphism. In particular Gal(L/K) is an elementary p-abelian group, that is, for each σ ∈ Gal(L/K) we have pσ = 1. The result follows.
CYCLOTOMIC CORADICAL EXTENSIONS
Cyclotomic coradical extensionshave several properties analogous to the ones of classical cogalois extensions. 
Note that if L/E is a Galois field extension, then µ ρ (L) is a G = Gal(L/E)-module with the natural action.
Next theorem holds for any finite extension and any A-Drinfeld module ρ.
Theorem 5.3. Let L/E be a finite Galois extension and let G be its Galois group. Then the map
Proof. Analogous to [7, Theorem 5.4 ].
Corollary 5.4. Let L/E be a finite extension. Then the A-module Drincog(L/E) is finite.
Proof. We take the Galois closureL/E of L/E. The result follows from Proposition 5.2, Theorem 5.3 and from Theorem 3.4.
Several results from [7] also hold in our situation. From now on, the following results only hold for A such that h A = 1. 
Corollary 5.7. If h A = 1 and L/E is a cyclotomic coradical Galois extension, then [L : E]
is of the form p s , with s ∈ N.
Lemma 5.8. If h A = 1 and if L/E is an extension such that [L :
Proof. Analogous to [7, Lemma 6.4] .
As a consequence of the previous results, we obtain Proof. Similar to [7, Theorem 6.7] .
As a consequence we obtain:
Theorem 5.11. If L/E is a cyclotomic coradical extension and if h
have that ρ di,j (δ i,j ) = a i . It follows that there exists a field tower
where for each i = 1, . . . , s we have that ρ di (β i ) = b i ∈ E(β 1 , . . . , β i−1 ) and
From equation (1) follows that it suffices to show that if L = E(α) with ρ m (α) = a ∈ E and if m ∈ A is irreducible, and so L/E is a cyclotomic coradical extension, then [L : E] = p i for some i ∈ N. The later claim follows from Lemma 5.10.
Corollary 5.12.
With the notations of Theorem 5.11 we have
and
Proof. It follows from the proof of Theorem 5.11.
Next corollary is analogous to Theorem 5.9 except that we do not assume that the extension L/E is Galois. Proof. It follows from Theorem 5.11 and Lemma 5.8.
SOME COMPUTATIONS
Let L/E be a finite cyclotomic coradical Galois extension. Therefore we have that L = E(α 1 , . . . , α s ) for some α i ∈ L and for each α i there exists a i ∈ A such that β i = ρ ai (α i ) ∈ E. We may consider the polynomials f i (U ) = ρ ai (U ) − β i . The set of roots of each polynomial f i (U ) is of the form {α i + ρ c (λ i )} c∈A . It follows that Gal(E(α i )/E) ⊆ ρ[a i ]. Therefore Gal(E(α i )/E) is an elementary p-abelian group. Since we have the group monomorphism
it follows that Gal(L/E) is an elementary p-abelian group.
Lemma 6.1. Let L/E be a finite Galois cyclotomic coradical extension. Then
where G = Gal(L/E).
Proposition 6.2. Consider
A with h A = 1 and let L/E be a Galois cyclotomic coradical extension. Assume that µ(L) = µ(E) and let a ∈ A be such that
On the other hand, since the action of G is trivial on µ(L), we obtain
For the following result, we consider h A = 1 and E = K.
Theorem 6.3. Let L/K be a Galois cyclotomic coradical extension and assume that
Proof. Similar to [7, Proposition 8.5 ].
The fundamental results we have obtained for the cyclotomic coradical extension with A having class number one, are not true any longer for A with h A > 1. We give an example showing why the results fail to hold.
Let K = F q (T ) with p = q = 3. Let p ∞ be the place associated to T 2 + 1 and let
Since p ∞ is of degree 2 and h K = 1, we have h A = 2.
where α i ∈ F q [T ] is of degree less than or equal to 1. Furthermore, because deg G(T ) ≤ n, it follows that α n ∈ F q . Therefore
, 0 ≤ i ≤ n and β 0 = a 0 . Thus
Note that the degree of F (ξ) in T is even and the degree of (T ξ)H(ξ) is odd, so that it follows that x = 0 ⇐⇒ F (ξ) = H(ξ) = 0. In particular {1, T ξ} is an integral basis of A/R ξ . On the other hand, since ξ = 1 T 2 +1 , it follows that (ξT )
From (2), we obtain that φ is a ring epimorphism. Further φ(Y 2 +X 2 −X) = 0, that is, Y 2 +X 2 −X ⊆ ker φ and φ induces the epimorphismφ :
From (2) follows thatφ is a ring isomorphism.
We may apply Kummer's Theorem on the decomposition of prime ideals in the ring extension A/R ξ since A = R ξ [T ξ]. In particular we have
so that
with p ξ = (ξ, T ξ) and
with p ξ and p ξ−1 prime ideals of A. Furthermore, (T ξ)
Thus, ξ, ξ − 1 and T ξ are irreducible non prime elements of A and (T ξ) 2 = ξ(1 − ξ). Let ρ : A → E τ be a rank one A-Drinfeld module, where E = K ρ = H A is the field of definition of ρ. In fact, since deg ξ = deg T ξ = 2, ρ is determined by
. Consider the element δ := ρ T ξ (λ ξ ).
where X is identified with ξ and Y with T ξ, and the group identification is done by its action on λ ξ , then we may write G = {σ U } U∈{1,2,1+y,2+y,1+2y,2+2y} with y = Y mod Y 2 + X 2 − X = T ξ and σ U (λ ξ ) := ρ U (λ ξ ).
We have G ∼ = C 6 the cyclic group of 6 elements and generated by 2 + y. Further (2 + y) 2 = 1 + y, that is, the subgroup of G of order 2 is generated by 1 + y. Note that
so that E(δ) is the fixed field of the subgroup C 3 of G and therefore [E(δ) : E] = 2 and [L : E(δ)] = 3.
Note that E(δ)/E is a cyclotomic coradical extension and of prime degree 2 = p = q. On the other hand, the subextension L/E is not pure and it is of degree 3 = p = q. All this is contrary to what we established in Proposition 5.5, Corollary 5.6, Lemma 5.8 and to Theorems 5.9, 5.10 and 5.11. In other words, in its actual form, we do not have a cogalois theory for A-Drinfeld modules of rank one if h A > 1.
THE CARLITZ MODULE
In this section we consider the Carlitz module, more precisely we are interested in computing the cardinality of the module Drincog(L/K) where L = k(T )(Λ P n ), K = k(Λ P ) and P ∈ R T is a monic irreducible polynomial. We also assume that char F q = p > 2. The goal of this section is to understand why it is so hard to find torsion elements other than the obvious ones (Λ P n ).
We have established the existence of a group isomorphism
To simplify the notation, frequently we will write φ(α) instead of φ(α + K). On the other hand if we have a crossed homomorphism f : G → M it satisfies
for each σ, τ ∈ G. We will understand that σ · f (τ ) as the action of σ on f (τ ). Since the elements of M are of the form C D (λ P n ) we may write
Further, by the division algorithm, we may assume that D σ is a polynomial of degree less than or equal to deg P n = n deg P . Note that with the exponents of the elements σ it is possible to form a system of equations using relation (3) as follows:
Now σ is of the form σ = 1 + B σ P s with gcd(B σ , P ) = 1 and 1 ≤ s ≤ n − 1 (see [5] ). Therefore equation (4) can be rewritten as:
Since the group G is commutative and τ = 1 + B τ P t , with gcd(B τ , P ) = 1 and 1 ≤ t ≤ n − 1, we obtain
Therefore the exponents satisfy the system of equations (modulo P n ):
Equation (9) allow us to obtain the possible solutions of system (7) and therefore the number of elements of Drincog(L/K). This can be used as a first rough algorithm to solve the system of equations. First we obtain the multiplication table of the group G, then we parameterize the possible solutions in a vector with components
and finally we verify which of these vectors are really solutions of system (7). One of the most important problems we have with this approach is that, even for very small prime numbers p, the number of solutions is very large. This approach allows us to find explicit torsion elements other than the class of λ P n . We achieve this goal finding the complete list of crossed homomorphisms and then we use the function φ to find the values we are interested in, that is, the torsion points of the module Drincog(L/K). Example 8.1. We may apply the previous approach to the following case. Let q = p = 3, P = T and n = 2. We compute first the multiplication table of G:
where σ 1 = 1, σ 2 = 1 + T and σ 3 = 1 + 2T modulo T 2 , are all the elements of G. Therefore, in this case, the system equations (7) can be written as follows:
Therefore the solutions of the previous system are:
where D σ3 runs through all the polynomials of degree less than or equal to 1, with coefficients in F q . Note that the first component of the previous vector is T 2 since we know that if f is a crossed homomorphism, we have f (1) = 0. Therefore the number of solutions of the system (10) is 9. This was already obtained in [7, Example 7.8] .
Using the function φ it can be shown that φ(λ T 2 ) = f 4 and φ(C 2 (λ T 2 )) = f 7 . We want to find the rest of the α i . To achieve this, note that
where a i ∈ K for i = 0, 1, 2. Now φ(α 2 )(σ 1 ) = 0,
On the other hand, we want that φ(α 2 ) = f 2 . Hence, we obtain the system of equations:
The solutions of the system are:
Proceeding similarly, it is possible to find the rest of the α i .
The method of Example 8.1 can be used to other situations, more precisely, to Galois extensions L/K. In some cases it is possible to describe the lattice of radical extensions.
Example 8.2. Let q = p = 3, P = T and n = 3.The multiplication table of the group G is: σ 1 σ 2 σ 3 σ 4 σ 5 σ 6 σ 7 σ 8 σ 9 σ 1 σ 1 σ 2 σ 3 σ 4 σ 5 σ 6 σ 7 σ 8 σ 9 σ 2 σ 2 σ 3 σ 1 σ 5 σ 9 σ 7 σ 8 σ 6 σ 4 σ 3 σ 3 σ 1 σ 2 σ 9 σ 4 σ 8 σ 6 σ 7 σ 5 σ 4 σ 4 σ 5 σ 9 σ 7 σ 8 σ 3 σ 1 σ 2 σ 6 σ 5 σ 5 σ 9 σ 4 σ 8 σ 6 σ 1 σ 2 σ 3 σ 7 σ 6 σ 6 σ 7 σ 8 σ 3 σ 1 σ 5 σ 9 σ 4 σ 2 σ 7 σ 7 σ 8 σ 6 σ 1 σ 2 σ 9 σ 4 σ 5 σ 3 σ 8 σ 8 σ 6 σ 7 σ 2 σ 3 σ 4 σ 5 σ 9 σ 1 σ 9 σ 9 σ 4 σ 5 σ 6 σ 7 σ 2 σ 3 σ 1 σ 8 where σ 1 = 1, σ 2 = 2T 2 +T +1, σ 3 = 2T 2 +2T +1, σ 4 = T 2 +T +1, σ 5 = T 2 +2T +1, σ 6 = T + 1, σ 7 = 2T + 1 , σ 8 = T 2 + 1 and σ 9 = 2T 2 + 1. Using Matlab all the solutions were obtained and | Drincog(L/K)| = 27 = 3
3 .
A refinement of [7, Proposition 7.2] allows us to find all the subextensions L ′ /K of L/K that are simple radical, namely:
, and K 4 = L {σ1,σ4,σ7} .
